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To be handed in either at the beginning of the exercise session, or before Dec 16, 9:55 a.m. at the drop box in front of room 149.

Exercise 27. Let H be a Hilbert space, let ¥ := {¢\: A € A} be a Riesz basis of H with constants
Cy > cy >0, and let ¥ := {¢)5: A € A} be the corresponding dual basis.

(i) Let (Ax)ren be an enumeration of A, and let e, (f)y = inf{[|f — g[|: g € span{¢n,: 1 <k < n}} and
Pnf = ZZ=1<f7 ’l/))\k>’l/1)\k. ShOW that

en(H)r < 1f — Puflln < %enmy.

(i) Let Xy := {D scr dat¥n: #I' <n,dy € R} and 0, (f) := infyex, || f —gll. For f € H, let (Ax(f))ren be

such that for any k € N, |(f, z/N)Ak(f)>| > |({f, z/NJAkH(f)H. Show that for G,,(f) :== Y p_1(f, q;)\k(f)>w/\k(f)’
we have C
N

3+3=6 points

Exercise 28. Let
H:=Loon={f € Lo(—m,7): f(-+2mk)=[ ae forallkeZ }

with inner product (f,g) = ffﬂfﬁdm, let A :=7Z, U := {¢p(x) := \/%e*“": k € A}, and A, :={k €
Z: |k| < n}. For

X,, := {d = (di)rea: suppd C A, }, en(d)e, = ( Z |dk|2)§ ,
|k|>n

and r > 0, recall the definition of the approximation spaces

AL (X )new, l2(A)) == {d € l2(A): sggnren(d)gz < oo}.

(i) Verify that (¢x, ¢1) = g for k,1 € Z.

(ii) For m € N, let
Hy :={f € Loor: D" f € Loor}.

Show that f € HJ® implies
(F(k)) pen € AR ((Xp)new, £2(A)) -
where f(k) := (f, ¢1) for k € A.
245 = 7 points

Exercise 29. Let ¥ be a Riesz basis for the Hilbert space . Show that

veA((En(A), 6(A) = F(v) e A((E(9)),H)

and
Cylon(F)a < an(((f, 00 1)ea(n) < g on(f)n-

4 points

Exercise 30. Let X be a quasi-Banach space, let 3, C X for n € N with 3, # () and 2, C X,,11, and let
on(f)x :=1infgew, || f — gllx. Show that for r,q > 0, we have

S (o)~ 3 (o ()",

neN Jj€Ny

5 points



