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Exercise 35. Let V; C H be a nested sequence of closed subspaces with associated projectors @; : H — V;.
Show that the following properties are equivalent:

(i) The projectors commute

Q;Qr = QrQj, J, k € No.
(ii) The operators @;11 — Q; are also projectors.
(iii) The ranges V; := range Q; are also nested
Vi C Vi, J € No,
where Q7 are the adjoints of Q;.

Show that as a consequence of these properties one has
(Qj+1— Q) (Qrt1 — Qr)f = (Qj1 — Q) f)djr Vi, k € No.
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