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Prof. Dr. Wolfgang Dahmen – Felix Gruber

Exercise sheet 11 for Friday, Jan 20, 2017
To be handed in either at the beginning of the exercise session, or before Jan 20, 9:55 a.m. at the drop box in front of room 149.

Exercise 36. Let X,Y be Banach spaces, and let F : X→ Y′ be a bounded linear operator.

(i) Show that if there exists α > 0 such that ‖Fx‖Y′ ≥ α‖x‖X holds for all x ∈ X, then range(F ) =
{Fx : x ∈ X} ⊆ Y′ is closed.

(ii) Show that if F has a bounded inverse F−1 and there exists α > 0 such that for all x ∈ X, we have
‖Fx‖Y′ ≥ α‖x‖X, then ‖F−1‖Y′→X ≤ α−1.

3+2=5 points

Exercise 37. Let Ω := (0, 1) and X := H1
0 (Ω), and let ε > 0 and β ∈ R. Let the operator F : X → X′ be

defined by 〈Fu, v〉 = a(u, v) for all u, v ∈ X, where

a(u, v) := ε

∫
Ω
u′ v′ dx+ β

∫
Ω
u′ v dx .

Show that F is an isomorphism and determine the condition number ‖F‖X→X′‖F−1‖X′→X.
Hint: Use integration by parts to show that a(u, u) ≥ ε‖u‖2

X.

5 points

Exercise 38. Let d ∈ N and let Ω be a domain in Rd. Let a ∈ L∞(Ω) with a > 0 a.e. such that a−1 ∈ L∞(Ω).

(i) Show that for any f ∈ H−1(Ω) = (H1
0 (Ω))′, the variational problem of finding [q, u] ∈ L2(Ω)d ×H1

0 (Ω)
such that ∫

Ω
a−1q · r dx+

∫
Ω
r · ∇u dx = 0 for all r ∈ L2(Ω)d ,∫

Ω
q · ∇v dx = −〈f, v〉 for all v ∈ H1

0 (Ω)

has a unique solution that depends continuously on f .

(ii) Show that u as in (i) also satisfies∫
a∇u · ∇v dx = 〈f, v〉 for all v ∈ H1

0 (Ω) .

4+3=7 points

Exercise 39. Let Ω ⊂ R3 be a bounded domain and X := (H1
0 (Ω))3 × L2(Ω). Furthermore, let ν > 0. Let

the nonlinear operator F on X be defined by the relation

〈F ([u, p]), [v, q]〉 =
∫

Ω
ν

3∑
i=1
∇ui · ∇vi + pdiv v +

3∑
i=1

(u · ∇ui)vi + q div u dx for all [v, q] ∈ X.

Show that for any [u, p] ∈ X, that is, for u = (u1, u2, u3) ∈ (H1
0 (Ω))3 and p ∈ L2(Ω), we have F ([u, p]) ∈ X′.

Find the Fréchet derivative DF ([u, p]) : X→ X′ and show that DF ([u, p]) is bounded for any [u, p] ∈ X.

Hint: Use the embedding H1
0 (Ω) ↪→ L4(Ω). 5 points


