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Exercise 40.

(i) Let 2 = (0,1). Consider the variational formulation

Find u € H{, such that
(Au,v) = (f,v) Vv e U= H Q)

of the Poisson problem (—Au = f in Q, u = 0 on 99). Let Ay, denote the standard FE stiffness matrix
for a Galerkin discretization with respect to a finite element space on a uniform mesh with mesh size
h =27". How does ka(A}) grow with decreasing mesh size h?

(i) Suppose you have a Riesz basis ¥ for Hg(2). For any Ay, C A, #A, = N, let ¥y, = {thy : A€ Ay} C
H}(Q). Let Uy, = span{ey : A € Ay} C U and use this as a trial space for the Galerkin scheme.
Let A} = (a(y,¥2))rven, € RY*YN be the corresponding stiffness matrix where the bilinear form
a: U x U — R satisfies the mapping property (MP). Show that
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Exercise 41.

(i) Let the nonlinear problem
(F(u),v) =(f,v) VwelU

be stable, i.e. there exists a neighborhood A (u) of the solution u, such that for all w € N (u)
cwllzllu < |IDF(w)zllv < Cullzllv VzeU
holds. Show that one obtains
cwCy||Vlle, < IDF(W)vlle, < CuCillvle, Vv € 2(A)

for all w in the stability region N (u).
(ii) Identify DF(w)v and specify this for F((v) = v3.
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Exercise 42. Let n € N and let A € R"*" be symmetric with A = VDV’ where V € R"*" is orthogonal
with columns v;, i = 1,...,n, and D = diag(\;)i=1....n. Let f,us € R™ and

.....

Up41 = Ug — a(Auk — f), keNg.
(i) Let 0 < A1 < ... < )\, and let u € R™ such that Au = f. Determine the range of a > 0 such that for
some p > 0, we have ||[u — ugy1|]2 < p|lu — ug|2 for all £ and ug. Find the « for which p is minimal.

(ii) Forsome 0 <m <n,let 0 =X =... = Ay < A1 < ... < \p. Let Vg :=span{vy,..., v}, and let
f,ug € Vé. Let uw € R™ such that Au = f, and let u; denote the orthogonal projection of u onto Vé.
As in (i), find a > 0 such that p in the estimate |[ul — ug41]l2 < pllur — ug|l2 is minimal.

iii) For some 0 < m < n, let Ay <... <A, <0< Apgq < ... < A, Show that if o # 0, there exist ug
iii) F 0 let \; < <A 0 <A1 < < An. Show that if 0, th ist
such that ||ug|l2 — oo.
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