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Spectral Functions — Introduction

Definition

A spectral function maps a matrix to some symmetric function of its eigenvalues,
F=foecig: MCC"™" = C, f:eig(M)ZC"—C (sym),

where eig maps to the roots with multiplicity of the characteristic polynomial of X.

Spectral functions are conjugation invariant:

F(TAT Y= F(N), T e GL(n).

1 of 22 Euler Graphs as Basis for Higher-Order Derivatives of Spectral Functions — Sebastian

Kramer, kraemer@igpm.rwth-aachen.de — RWTH Aachen University — 08.01.26 Igpm“ ‘ Rm



Spectral Functions — Introduction

Definition

A spectral function maps a matrix to some symmetric function of its eigenvalues,
F=foecig: MCC"™" = C, f:eig(M)ZC"—C (sym),

where eig maps to the roots with multiplicity of the characteristic polynomial of X.

Spectral functions are conjugation invariant:
F(TAT 1Y) = F(\), T € GL(n).
Simplest class are trace functions,

Fg(X):traceg(X):Zg()\,-), fg(X)ZZg(x,-), g:DCC—C.

i€[n] ie[n]
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Spectral Functions — Introduction

Definition

A spectral function maps a matrix to some symmetric function of its eigenvalues,
F=foecig: MCC"™" = C, f:eig(M)ZC"—C (sym),

where eig maps to the roots with multiplicity of the characteristic polynomial of X.

Spectral functions are conjugation invariant:
F(TAT 1Y) = F(\), T € GL(n).
Simplest class are trace functions,

Fg(X):traceg(X):Zg()\,-), fg(X)ZZg(x,-), g:DCC—C.

i[n] i€[n]
Generally,
f(x)=f( [x] ) = F(diag(x)).
v
multiset of roots in C” / S,
1 of 22 Euler Graphs as Basis for Higher-Order Derivatives of Spectral Functions — Sebastian

Kramer, kraemer@igpm.rwth-aachen.de — RWTH Aachen University — 08.01.26 Igpm“ ‘ Rw



Spectral Functions — About Symmetry

For each X with distinct A\ := eig(X), there is an analytic eig® : Ux — U, C C",
f = f°osorty,, eig®=sorty, oeig, sorty, : ( U U>\,.)n — U,
ie[n]

such that
F =foeig= foosortUAoeigZ fooeigoa

where f° : Uy — C is symmetric (with nothing to permute).
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Spectral Functions — About Symmetry

For each X with distinct A\ := eig(X), there is an analytic eig® : Ux — U, C C",
f = f°osorty,, eig®=sorty, oeig, sorty, : ( U U>\,.)n — U,
ie[n]
such that
F = f oeig = f° osorty, oeig = f° oeig’,
where f° : Uy — C is symmetric (with nothing to permute).

Uy oo Un
X B :
£o U>2\2 L2/ :3\3. / eig®
. Uy, =g ' e
F(X) 3 sorty, s X
S
f L L L ) 5
.......... NS A
fN .................................... U, /5n4 ............................. €1g .,
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Spectral Functions — About Symmetry
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More general, for

D:Dlx...ang(C”, D,'ﬂDjZ:(Z)\/D/:Dj

define
Mp = {Tdiag(\) T | T € GL(n), A € D}
and let
f°: D — C (domain dependent sym), F : Mp — C.
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Spectral Functions — Inherited Analyctiy

Theorem (basically Riemann’s Removable Singularity Theorem)
f° . D — C analytic and d.d.sym = F = f° oeig® : Mp — C analytic
Proof:

» F is continuous on all of Mp as f° and eig® are continuous.

» Locally, around distinct eigenvalues, eig® and f° are analytic.

» All other points are the root set of a polynomial in entries of X.
» By Riemann’s theorem, F is analytic on the whole of M.
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Spectral Functions — Inherited Analyctiy

Theorem (basically Riemann’s Removable Singularity Theorem)
f° . D — C analytic and d.d.sym = F = f° oeig® : Mp — C analytic
Proof:

» F is continuous on all of Mp as f° and eig® are continuous.

» Locally, around distinct eigenvalues, eig® and f° are analytic.

» All other points are the root set of a polynomial in entries of X.
» By Riemann’s theorem, F is analytic on the whole of M.

Example

For Ay € Dy with DiN Dy = 0,
f*.D=DixDuyx...xDy—C, f(N):=X\

is an analytic (and d.d.sym) trace function with

fPA)=gM)+...+g(\), g:Di1UDyg — C, g(x) = xp,(x)x
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Spectral Functions — Inherited Differentiability

Spectral functions on symmetric matrices:

TheOrem ([J.Sylvester '85, I\/I.éilhavy ’00])

fo:DCR" R inCKandddsym = F = f°oeig® : Mp sym — Rin Ck.

Proofs (for Mp gm = RIS should generalize to Mp C RI:):

sym ! = “sym
[ Sylvester 8] | intschitz continuity of eigenvalue map and permutation invariance
[MSihavi ‘0] elementary recursive smoothness and molifier argument
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Spectral Functions — Inherited Differentiability

Spectral functions on symmetric matrices:

Theorem ([J.Sylvester '85, I\/I.éilhavy '00])

fo:DCR" R inCKandddsym = F = f°oeig® : Mp sym — Rin Ck.

Proofs (for Mp sym = R{], should generalize to Mp C R{TT):

sym ! sym
[ Sylvester 8] | intschitz continuity of eigenvalue map and permutation invariance
[MSihavi ‘0] elementary recursive smoothness and molifier argument

Proof (for Mp C RZ*"):

sym
K- (=) 3]gebraic argument based on graph recursions and removable singularities
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Spectral Functions — Inherited Differentiability

Spectral functions on symmetric matrices:

Theorem ([J.Sylvester '85, I\/I.éilhavy '00])

fo:DCR" R inCKandddsym = F = f°oeig® : Mp sym — Rin Ck.
Proofs (for Mp gm = RIS should generalize to Mp C RI:):

sym ! sym
[ Sylvester 8] | intschitz continuity of eigenvalue map and permutation invariance
[MSihavi ‘0] elementary recursive smoothness and molifier argument

Proof (for Mp C RZ*"):

sym
K- (=) 3]gebraic argument based on graph recursions and removable singularities

\L Subsequent arguments are around matrices with distinct eigenvalues,
where differentiability is given by analycity of eig®.
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Invariance based Euler Graph Relation — Diagonalization and Degree Condition

Definition

d
VIAIFX)[AY, ..., Al .= ata—tF(X + 1AW 4+ g ADY|
1...1ld
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Invariance based Euler Graph Relation — Diagonalization and Degree Condition

Definition
o9
- Oty ...ty
For invariances Z € Lin(K"*", K™") of F:
VIFX)[AWY, ..., AD] = VIFZX)D[Z(AWY), ..., (A
In particular:

VIAF(TAT HAW, . A = VIFN[TIADT, . T IADT]

VIFX) AW, ... A9 FOX + A0 4+ tyAD) o
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Invariance based Euler Graph Relation — Diagonalization and Degree Condition

Definition
ad
- Oty ...ty
For invariances Z € Lin(K"*", K™") of F:
VIFX)[AWY, ..., AD] = VIFZX)D[Z(AWY), ..., (A
In particular:
VIAF(TAT HAD, . A = VIR [T IADT, . T IADT]

Lemma (% (=)])

VIFX) AW, ... A9 FOX + A0 4+ tyAD) o

VIF(MNei,, - €] =0
if there is { € [n] for which

degy™ = [{p | iy = (3| # [ |ju =} = deg)™.

Proof: test Z(X) := H.XH, 7, for Hy = | + (£ — 1)ey, for certain root of unity &

5 of 22 Euler Graphs as Basis for Higher-Order Derivatives of Spectral Functions — Sebastian

Kramer, kraemer@igpm.rwth-aachen.de — RWTH Aachen University — 08.01.26 Igpm“ ‘ Rm



Invariance based Euler Graph Relation — Derivative Map ©4(G)

Definition
For a directed pseudograph (multigraph with loops allowed),
G={i—j1, . ig = jatw, i,j€][n]°
let
O¢(G) = VIF(N)ei, - - -, €]
Corollary (I ()]
If G is not a union of Euler graphs, then ©¢(G) = 0.

union of Euler graphs: \ / / \ / \

e C, Of( «—— ) =0

(in-deg = out-deg) ® \ / N/
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Invariance based Euler Graph Relation — Classes of Euler Graphs

All equivalence classes of connected Euler (pseudo-)graphs up to 4 edges:

V| =1 V| =2 V| =3: V| =4

3 o0 L\ o\
= SN
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Invariance based Euler Graph Relation — Differentiation of Conjugation

For map of invariances Z : (—9, ) — Lin(K™" K™") with Zy = id:
—VIFX)[AWY, ..., AD TH(X)]
= VI (X)) [ZH(AM), AP ]+ .+ VIR ., A2 (Al )],

8 of 22 Euler Graphs as Basis for Higher-Order Derivatives of Spectral Functions — Sebastian

Kramer, kraemer@igpm.rwth-aachen.de — RWTH Aachen University — 08.01.26 Igpm“ ‘ Rm



Invariance based Euler Graph Relation — Differentiation of Conjugation

For map of invariances Z : (—9, ) — Lin(K™" K"") with Zy = id:
—VIFX)[AWY, ..., AD TH(X)]
= VILFX)TH(AM), AP ]+ ...+ VILEX) .., A2 T (Al

Use a basic idea of Lie group theory (turns out: generalizing [M >/ 0]y,
Z.(X) = TaXTOjl, To=1 = Z\(E)=[T), E] = ToE — ET;
Inside an identity matrix, set

cos(ar)  sin(a)

- / e e — .
Tol(ijyx(ij) = (—ssin(oz) cos(oz)) , s€{0,1}, Ty=e;— sej.
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Invariance based Euler Graph Relation — Differentiation of Conjugation

For map of invariances Z : (—9, ) — Lin(K™" K"") with Zy = id:
—VIFX)[AWY, ..., AD TH(X)]
= VILFX)TH(AM), AP ]+ ...+ VILEX) .., A2 T (Al

Use a basic idea of Lie group theory (turns out: generalizing [M >/ 0]y,
Z.(X) = TaXTOjl, To=1 = Z\(E)=[T), E] = ToE — ET;
Inside an identity matrix, set

cos(ar)  sin(a)

— / —_— l — -
Tol(ijyx(ij) = (—ssin(oz) cos(oz)) , s€{0,1}, Ty=e;— sej.
For k and i # j:

lej — seji, Al = (Ai = Aj)( ey + seji)

[e,-j — sej,-, ejk + Sekj ] = 1 €jk + SEki |, [e,-j — sej,-, ej,- -+ se,-j] = (]. + s)(e,-,- — ejj)
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Invariance based Euler Graph Relation — Recursion

Theorem (I« (2)])
letr=i—j€G,i#]. Then
(\ = ) 84(3)
= > oG\ {retU{i— k= Y 0xG\{r,e} Uik —j})

ecG:e=j—k ecG . e=k—i

Example

One choice of r:

(>\i_>\j)'@f( <\\7j>:@f<k\7 )+@f( QB )—@,:(kf.?/j

9 of 22 Euler Graphs as Basis for Higher-Order Derivatives of Spectral Functions — Sebastian

Kramer, kraemer@igpm.rwth-aachen.de — RWTH Aachen University — 08.01.26 Igpm“ ‘ Rm



Invariance based Euler Graph Relation — Recursion

Example

With another choice:

AN

()\,—)\J)ef(JOI)

o (6= + o ) 0@ ) - Q

N/ N N/

derivatives of F (edges and loops) reduce to those of f (loops only)
(as in chain rule evaluation for f° o eig®)
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Euler Graph Relation — Differential Polynomial 6;(G)

Definition
Capture derivatives in

0(9) € Tl hallo ] st 0(9)
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Euler Graph Relation — Differential Polynomial 6;(G)

Definition
Capture derivatives in
0(9) € Tl L b .6] st 06)=..... 2y —ey9)
— A\ O\ oA\,

Example

The differential polynomial of the loop-only graph

corresponds to

O O (?2 0 f= Fodlag 8 0
Q

= VF(N)[err, en1, ex] = 8X1218X22F(A) EYEIN (A)
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Euler Graph Relation — The Simple Cycle

Lemma

For a canonical, simple cycle:

1
G={1—-2....d=1}, 69 => ( ]] A._A') .5
i=1 j=1,j# '
For trace functions fg(x) = g(x1) + ... + g(x,) follows ©¢ (G) = [A1,..., AJ]g".
Example
1 1 1 1 1
01 + 0o + 0
1/4‘_\3 >\1)\3 YR VD V5 W VD VD VO PR Ve

and for trace functions,

2
O ( /\ ) = [A1, A, Asle’
I'—3
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Euler Graph Relation — Linear Part 6,(G) of Differential Polynomials

Lemma

The linear part Ql(g) = 8(g)|degree 1 terms IS /OC&//_)/ given via
01(G) = 7, (G) - b1 + ... + O, (G) - 6

where

LoA) =X,  g(x)=xu(x)-x,  Fu(X)=eig)(X)
where xy, are the indicator functions on sufficiently small neighborhoods of A
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Euler Graph Relation — Linear Part 6,(G) of Differential Polynomials

Lemma

The linear part Ql(g) = 9(g)|degree 1 terms IS /OC&//_)/ given via
01(G) = 7, (G) - b1 + ... + O, (G) - 6

where

LoA) =X,  g(x)=xu(x)-x,  Fu(X)=eig)(X)
where xy, are the indicator functions on sufficiently small neighborhoods of A

The graph recursion holds true for
> derivatives ©¢(G),
> differential polynomial 6(G),
> its linear part 61(G),
for distinct eigenvalues A (though generalizes in certain ways to all)
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Euler Graph Relation — Factorization of Differential Polynomial

Theorem (I« (2)])

Factorization via, 0(G) = Z H 61 (Euler,)
U, Euler, =G v

Example

AN /\ /N

01(@——=D) + 61 ( ——0) + 6 (@ )6 (O—

N/ \/ N/
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Euler Graph Relation — Factorization of Differential Polynomial

Theorem (I ()]

Factorization via, 9(g ) — Z H 91(Eu1€1“y)
U, Euler, =G v

Example

AN /\ /N

. W a \/ o M
V£ (A\)[coeffs 61 (<>)] sz()\)[coeffs 61(< »), coeffs 61 ()] V2f(A)[coeffs 01(+7), coeffs 01(<)]
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Inflation to Euler Circuits — Vertex Exchange

Corollary (% (2)])
Let i #] If \i = )\j, then

Y. OG\U—KU{i=k)= >  OdG\{k— iYu{k—j}).

ecG e=j—k ecG:e=k—i

(At least) for trace functions, we can augment i :=n+1¢ G:

Example

A=A @—@ 7‘ D

gA = /\;_:vj ; @f( k/\'_,vf ) —|—@f( /\“’3] ) = @f( /\"’3\‘1' )
N/ N/ AN N/
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Inflation to Euler Circuits — Vertex Exchange

Corollary (I ()]
Let i 7éj If \i = )\j, then

Y. OG\U—KU{i=k)= >  OdG\{k— iYu{k—j}).

ecG e=j—k ecG:e=k—i

(At least) for trace functions, we can augment i :=n+1¢ G:

Example

A= )\j : / k i

G = / : / + @f 4 ) = @f( éj
4 \k \V

lterating this encounts Euler circuits! =: €;(G)
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Inflation to Euler Circuits — Euler Circuits

Example
&y ( ) =1
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Inflation to Euler Circuits — Euler Circuits

{@:@.@,
SO0

Example

}

16 of 22 Euler Graphs as Basis for Higher-Order Derivatives of Spectral Functions — Sebastian - RWMCHEN
Kramer, kraemer@igpm.rwth-aachen.de — RWTH Aachen University — 08.01.26 Igpm“ UNIVERSITY



Inflation to Euler Circuits — Graph-Independent Expressions

Theorem (I ()]

Let
— {il —>j1, Cey I'd _>./d} S.t. @f(g) = VdF(/\)[e,'ljl, Cey e,-djd]
For trace functions,

e@;(g) — |Q:1(g)| ) [>‘i17 S )‘id]g/
For the linear part of the differential polynomial,

01(G) = |€1(G Z[)\,l, A, 6

Proof: inflate graph to sums of simple cycles / use 61(G) relation

> O (G) identity valid for all A (under Hermite scheme)
» 01(G) identity not compatible with coinciding eigenvalues (but uses X/UA,(()‘k) =0)
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Graph-Independent Expressions — Trace Functions

Theorem

For trace functions F, (as for instance also by |12 00 N Highem 0] )

1
d (1) () = ' (7)) . AGQ@) ... A7)
VIRNAY,..., A9 = 2 Y Dalg’ - D Al A A

myms mqmy
mé|[n]9 TESy

Proof: from prior theorem by simple permutation, cycle and conjugation arguments
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Graph-Independent Expressions — Trace Functions

Theorem

For trace functions F, (as for instance also by |12 00 N Highem 0] )

1
d (1) () = ' (7)) . AGQ@) ... A7)
VIRNAY,..., A9 = 2 Y Dalg’ - D Al A A

moims mqmy
mE[n]d TESy

as well as (generalizing "°>""" | to non-symmetric matrices)

vng(/\)[A(l)a 00os A(d)] — Z [)‘m]g/ ' Z H A%),mf(u)‘

me|[n]d T7€Sq: T cyclic peld]

Proof: from prior theorem by simple permutation, cycle and conjugation arguments
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Graph-Independent Expressions — Perturbation Theory

Corollary
For an isolated eigenvalue El(o) = A1,

F(X) :=eig{(A+ tA) = —I—thE
deN
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Graph-Independent Expressions — Perturbation Theory

Corollary

For an isolated eigenvalue El(o) = A1,

F(X) :=eigi(N+ tA) = +thE
] deN
Then E1( ) = A1 and (as also by [T/t '95])
d
El( = Jvdelgl(A)[Av Z Amym, - - mdml [)‘m]XU,\1
me[n]d
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Graph-Independent Expressions — Perturbation Theory

Corollary
For an isolated eigenvalue El(o) = A1,
F(X) :=eigi(N+ tA) = +thE

deN
Then El(l) = A1; and (as also by (bt '95])

d
El( = mvdelgl(/\)[A,. Z Apmymy - - Dmgmy [)‘m]XUA1
me[n]d
_ Z (— 1)1+\{M\Pu—0}\ H SPu
pe{0,....d—1}9-1 peld—1]
s.t. p1+...+pg_1=d—1
with S° := e;; and S9 := diag(0, All L A;An)q, g € N.

Proof: combinatorics and symmetric polynomial expression for [)‘m]XUA1
[TKato %] contour-integral around expanded trace-resolvant
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Reverse Applications — Counting Euler Circuits in Undirected Graphs

Use

1 X12 Xln

@ﬁog(gundir)(l) = +|C1(Gunair)|, tracelog = logdet, X := X_12 1 X_2”

Xip Xop .. 1
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Reverse Applications — Counting Euler Circuits in Undirected Graphs

Use
1 X ... Xi,
X 1 ... X5,
Ot (Gundir)(1) = £|€1(Gunair)|, tracelog = logdet, & := :12 | 2
Xin Xop ... 1

Example

3
(i) b0 — 2,3 X5 (4X2X2, — 3X3 — 3X2, + 3)

G = / \\ . logdet(X) — (X3 + X2 —1)?

(a_3u)| _ 2 ( 53 u)| B
8X§’3 X3=0 —48X23(2X23 —I— 3) 3Xf3 X13=0
— 3168 = |€ .
(Xo3 — 1)3(Xo3 + 1)3 1€1(G)]
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Reverse Applications — Counting Euler Circuits in Undirected Graphs

Use

1 X12

@ﬁog(gundir)(l) = +|C1(Gunair)|, tracelog = logdet, X := X_12 1

Xin Xop - ..

Example

— 15414462340434593737631334400000
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Reverse Applications — Counting Euler Circuits in Undirected Graphs

Use

1 X12

Ot (Gundir)(1) = £|€1(Gunair)|, tracelog = logdet, X := X_12 1

Xin Xon ...

Example
A
¢ ( Ava' ) = 30480384
/N N\ \
/N N\ \/ N\
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Singular Value Functions —

Definition
An sv function maps a matrix to a symmetric and even function of its singular values,

F=fosv: MCR™ - R, f:sv(M)CR"— R (sym & even)

~ orthogonally invariant: F(UZV') = F(X) for U,V € O(n)
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Singular Value Functions —

Definition
An sv function maps a matrix to a symmetric and even function of its singular values,

F=fosv: MCR™ - R, f:sv(M)CR"— R (sym & even)

~ orthogonally invariant: F(UZV') = F(X ) for U,V € O(n)
~ differentiate invariances: Z,(X) := T,XT/  (with s = 1 in the initial definition)
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Singular Value Functions —

Definition
An sv function maps a matrix to a symmetric and even function of its singular values,

F=fosv: MCR™ - R, f:sv(M)CR"— R (sym & even)

~ orthogonally invariant: F(UZV') = F(X) for U,V € O(n)
~ differentiate invariances: Z,(X) := T,XT/  (with s = 1 in the initial definition)
» use basis: b := e;;, b,-Ji- =e; e <J
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Singular Value Functions —

Definition
An sv function maps a matrix to a symmetric and even function of its singular values,

F=fosv: MCR™ - R, f:sv(M)CR"— R (sym & even)

~ orthogonally invariant: F(UZV') = F(X) for U,V € O(n)
~ differentiate invariances: Z,(X) := T,XT/  (with s = 1 in the initial definition)
» use basis: b := e;;, b,-Ji- =e; e <J

~ recursion on %-signed, undirected Euler graphs G (used to prove C*-inheritance)
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Singular Value Functions —

Definition
An sv function maps a matrix to a symmetric and even function of its singular values,

F=fosv: MCR™ - R, f:sv(M)CR"— R (sym & even)

v

orthogonally invariant: F(UZV") = F(X) for U, V € O(n)
differentiate invariances: Z,,(X) := T, XT/ (with s = 1 in the initial definition)
use basis: b := e, b,-Ji- =e; e <J

v

v

v

recursion on £-signed, undirected Euler graphs G (used to prove C*-inheritance)
> here, not every Euler circuit yields same summand
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Singular Value Functions —

Definition
An sv function maps a matrix to a symmetric and even function of its singular values,

F=fosv: MCR™ - R, f:sv(M)CR"— R (sym & even)

~ orthogonally invariant: F(UZV') = F(X) for U,V € O(n)

~ differentiate invariances: Z,(X) := T,XT/  (with s = 1 in the initial definition)
» use basis: b := e;;, b,-Ji- =e; e <J

~ recursion on %-signed, undirected Euler graphs G (used to prove C*-inheritance)
> here, not every Euler circuit yields same summand

» for graph-independent expressions for even trace functions, may also use

VIFE(E)AM A(d)]:}Vng(,eig)(diag(—Z,Z))[Q(l),...,Q(d)]

1 (_A(u) AWT _ A _|_A(M)T>

.1
=S AW _ AT AW 4 AWT
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Open ends of this approach:
» simplify derivatives at low-rank and non-symmetric matrices
> try to apply to orthogonal invariances of tensors
> improve Euler circuit counting through log-det function
» generalize formulas to non-trace functions for non-distinct eigenvalues



Open ends of this approach:
» simplify derivatives at low-rank and non-symmetric matrices
> try to apply to orthogonal invariances of tensors
> improve Euler circuit counting through log-det function
» generalize formulas to non-trace functions for non-distinct eigenvalues

Thank you for your attention!
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