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Require:
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» rank minimizing tensor completion applicable in high dimensions
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Affine rank minimization — Problem setting

SIMPLE FIRST: MATRICES

Given:
~ (surjective) linear operator £ : R™™ — R’
> measurements y € R¢

Definition (affine rank minimization problem)

find X" € argmin rank(X) subjectto L(X) =y
X eRnxm

Among all matrices satisfying given linear equations, find the one with lowest rank.

Affine because the preset L71(y) = {X € R™™ | L(X) = y} is affine.
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Affine rank minimization — Asymptotic log-det minimization

Approach via minimization of:

Definition (log-det familyles Fazel etal- 103])

£,(X) := log det(XX™ ++1,), ~v>0

3 of 13 Iteratively Reweighted Least Squares Recovery on Tensor Networks — Sebastian

Kramer, kraemer@igpm.rwth-aachen.de — RWTH Aachen University — 17.05.24 Igpm“ ‘ Rm



Affine rank minimization — Asymptotic log-det minimization

Approach via minimization of:

Definition (log-det familyles Fazel etal- 103])

f.(X) := logdet(XX" +~1,), v>0

Smoothed Schatten-p-functions:

n
P
Sp(X) =D (a7(X)+7)?, 0<p<1
j=1
» p =1 : (smoothed) convex nuclear norm:
S01(X) = [[X]l.
» “p=0": log-det functions:
S, o(X) — 1
jm 2220 = L
p\0 p 2
3 of 13 Iteratively Reweighted Least Squares Recovery on Tensor Networks — Sebastian

Kramer, kraemer@igpm.rwth-aachen.de — RWTH Aachen University — 17.05.24 Igpm“ ‘ Rm



Affine rank minimization — Asymptotic log-det minimization

Approach via minimization of:

Definition (log-det familyles Fazel etal- 103])
£ (X) := logdet(XX" +~1,), ~>0

Smoothed Schatten-p-functions:

n
P
Sp(X) =D (a7(X)+7)?, 0<p<1
j=1
» p =1 : (smoothed) convex nuclear norm:
S01(X) = [[X]l.
» “p=0": log-det functions:
S, o(X) — 1
/lai@o 1( p) - 5 £,(X) but f(X)=min & X singular
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Affine rank minimization — Asymptotic log-det minimization

Example (matrix rank minimization)

Xs5(a) := (\% \f) . seek a" =

I, 6>0 (rank1)
0, 0=0 (rank0)
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Affine rank minimization — Asymptotic log-det minimization

Example (matrix rank minimization)

5 Vo 1, 6>0 (rank1)
() (\/5 a ) e 0, 6=0 (rank0)

Minimize Sy, (Schatten-p, p > 0) or £,(X) = logdet(XX T + ~1,):

4 of 13 Iteratively Reweighted Least Squares Recovery on Tensor Networks — Sebastian

Kramer, kraemer@igpm.rwth-aachen.de — RWTH Aachen University — 17.05.24 Igpm“ ‘ Rm



Affine rank minimization — Asymptotic log-det minimization

Example (matrix rank minimization)

5 V6 I, 0>0 (rank1)
() (\/5 a ) R {O, 6 =0 (rank 0)

Minimize Sy, (Schatten-p, p > 0) or £,(X) = logdet(XX T + ~1,):
»p>0,0>0:

i1 50,0(X5(0)) < S0p(X5(1)) X
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Affine rank minimization — Asymptotic log-det minimization

Example (matrix rank minimization)

5 V6 I, 0>0 (rank1)
() (\/5 a ) et {O, d=0 (rank 0)

Minimize Sy, (Schatten-p, p > 0) or £,(X) = logdet(XX T + ~1,):
»p>0,0>0:
1
V4 — 1
»p=0,0=0v=0:

§ < = Sop(X5(0)) < Sop(Xs(1)) X

Xo(3) = (8 S) f(X(3) = const X
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Affine rank minimization — Asymptotic log-det minimization

Example (matrix rank minimization)

5 V6 I, 6>0 (rank1)
Xs(a) == k a* =
5(2) (\/3 a ) st d {o, 5=0 (rank0)

Minimize Sy, (Schatten-p, p > 0) or £,(X) = logdet(XX T + ~1,):
»p>0,0>0:
1
V4 — 1
»p=0,0=0v=0:

§ < = Sop(X5(0)) < Sop(Xs(1)) X

Xo(3) = (8 S) f(X(3) = const X

» asymptotic minimization:

lim argmin_ g £(Xs5(a)) = lim

T\0 N0 02 + B

52 1, 650
0, §=0
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Affine rank minimization — Asymptotic log-det minimization

Search limits X* of (global) minimizers X, for v~ 0:

X = {X"|3(X)y=0, X'=1lmX, X, € argmin£,(X)}
70 XeL ()

v=1 vy=1/2 v=1/16
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Affine rank minimization — Asymptotic log-det minimization

Search limits X* of (global) minimizers X, for v~ 0:
X = {X"|3(X)y=0, X'=1lmX, X, € argmin£,(X)}
70 XeL=(y)
Only for log-det case p = 0:

Theorem (asympotic minimization! )

Let r* = minycp1(,)rank(X). Then

r*

X* C argmin H oj(X*) subject to rank(X")=r"
X*eL(y) =1
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Affine rank minimization — Asymptotic log-det minimization

Search limits X* of (global) minimizers X, for v~ 0:
X = {X"|3(X)y=0, X'=1lmX, X, € argmin£,(X)}
70 XeL=(y)
Only for log-det case p = 0:

Theorem (asympotic minimization! )

Let r* = minycp1(,)rank(X). Then

*

r

X* C argmin H oj(X*) subject to rank(X")=r"
X*eLy)

Jj=1

Process solves affine rank minimization (and IRLS-0 can minimize £,), but:
» Q1: prohibitiv local minima?
» Q2: numerically realize v ™\, 07
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Affine rank minimization — IRLS-0

Classical, iterative quadratic majorization to minimize log-det:
Algorithm (classical matrix TRLS-0)
XU« argmin ||W71({)2X(,.)X||%_-, AHD) < A0 e N
XeLY(y) ’

for weights W, x := (XX +~l,)71.

quadratic majorization

™
g
o
g
> -

il

log-det: f, |-

o .
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Affine rank minimization — Sensitivity experiment

Experiment (classical matrix IRLLS-0 / 1000 instances)

-y = L(X (rs)) € R’ via generic £ and X' : rank (X (rs)) = r
> set YUH) < vy ) for fixed v < 1 (but trying different v = 1.2_1/2k)

»n=m=12, r =3 for { = dim(V<,) + 1 = 64 measurements
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Affine rank minimization — Sensitivity experiment

Experiment (classical matrix IRLLS-0 / 1000 instances)

sy = L(X (rs)) € R’ via generic £ and X' : rank (X (rs)) =
> set YUH) < vy ) for fixed v < 1 (but trying different v = 1.2_1/2k)
»n=m=12, r =3 for { = dim(V<,) + 1 = 64 measurements
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Affine rank minimization — Sensitivity experiment

Experiment (classical matrix IRLLS-0 / 1000 instances)

sy = L(X (rs)) € R’ via generic £ and X' : rank (X (rs)) =
> set YUH) < vy ) for fixed v < 1 (but trying different v = 1.2_1/2k)
»n=m=12, r =3 for { = dim(V<,) + 1 = 64 measurements

1000 . . . . . . . . . . . .
-~ g ! ! SR ! ! ! SR ! ! e
800 =z 2! ! ! g ! | ! - ! ! '8
S | 38 | | | I 2 | | | | | = | | | |
=S g - - .8 - - - = : : s
600 - e = B
g8 | | | [ | | | [ [ | | [l

400 .S . . . . . . . . . . . .
S ! ! R ! ! ! R ! ' | =
200 CE T | I geussian
. | | o' |I TN | | | [ sampling

0 = —0 -0 =0 HEE HEg W = | | | |
fail 14 13 12 11 10 9 8 7 6 5 4 3 9 1 k=0

» @Q1: local minima empirically less problematic
» @Q2: large potential in slow decrease v \, 0 / better quadratic majorization

7 of 13 Iteratively Reweighted Least Squares Recovery on Tensor Networks — Sebastian

Kramer, kraemer@igpm.rwth-aachen.de — RWTH Aachen University — 17.05.24 Igpm“ ‘ Rm



Affine sum-of-ranks minimization — K-log-det approach

FrROM MATRICES TO TENSORS

Given:
» (surjective) linear operator £ : R — R
> measurements y € R¢

Choose:
> family IC of S C {1,...,d} of matricizations

1
B example ERoR-Nal

1

________ I/ 2 |
X= '@O)m 0 J X[{ H =
|
| | o@ = N
@ O
. v
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Affine sum-of-ranks minimization — K-log-det approach

Given:

FrROM MATRICES TO TENSORS

» (surjective) linear operator £ : R — R

> measurements y € R¢

Choose:

> family IC of S C {1,...,d} of matricizations

T example 0o O o O
_ , . [{2}] — |
g D L = T eenm

Definition (affine KC-sum-of-ranks minimization problem)

find X" € argmin Zrank(X[S]), FR(X) = Z f,(x®)

Y
XeLy) sexc Sek
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Affine sum-of-ranks minimization — Phase transition

Experiment (tensor IRLS-0K)

- K ={{1}, {2}, {3}, {4}, {1, 2}}
-y = L(X)) for generic £ and X™) : rank(X"IP) =F S c K

»d=4,71=57T=3— dim(V%) =69
> suitable realization of v \, 0
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Affine sum-of-ranks minimization — Phase transition

Experiment (tensor IRLS-0K)
» K= {{1}7 {2}7 {3}7 {4}7 {17 2}}

-y = L(X")) for generic £ and X" : rank(X)IP) =F, S € K

»d=4,71=57T=3— dim(V%) =69
> suitable realization of v \, 0

instance: recovery rate in %
[ _gp ® Baussian 100
sampling 78
B ® gaussian 38
£=180 sampling 43
¢ _ 70 ® &aussian 18
sampling I
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Affine sum-of-ranks minimization — Phase transition

Experiment (tensor IRLS-0K)

- K ={{1},{2}, {3}, {4}, {1, 2}}
-y = L(X")) for generic £ and X" : rank(X)IP) =F, S € K

»d=4,71=57T=3— dim(V%) =69
> suitable realization of v \, 0

instance: recovery rate in %
[ _gp ® Baussian 100
sampling 78
B ® gaussian 38
£=180 sampling 43
¢ _ 70 ® &aussian 18
sampling I

For e 100%, sum-of-nuclear-norms (p = 1) needs £ > 400 (of d" = 625 entries).
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Alternating optimization on tensor tree networks — AIRLS-0K requirements

FROM SMALL TENSORS TO HIGH DIMENSIONS

» relaxation of affine constraint:

FROO) = 1L0X) =yl +7- 2,y £(XB)
SeK

10 of 13 Iteratively Reweighted Least Squares Recovery on Tensor Networks — Sebastian

Kramer, kraemer@igpm.rwth-aachen.de — RWTH Aachen University — 17.05.24 Igpm“ ‘ Rm



Alternating optimization on tensor tree networks — AIRLS-0K requirements

FROM SMALL TENSORS TO HIGH DIMENSIONS

» relaxation of affine constraint:
FEX) = 11£0X) =yl + 72y > £(XE])
SeK
> assume /C hierarchical (TT/MPS, Tucker/HOSVD, HT) and represent X = 7(N)

. . 1 3
’0 0' \ /
0’ ‘0
X = N5 — N
0‘ .0
‘0 Q‘ / \
O' .0
....... A Ny ------
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Alternating optimization on tensor tree networks — AIRLS-0K requirements

FROM SMALL TENSORS TO HIGH DIMENSIONS

» relaxation of affine constraint:

FROO) = 1L0X) =yl +7- 2,y £(XB)
SeK

> assume /C hierarchical (TT/MPS, Tucker/HOSVD, HT) and represent X = 7(N)

» operator £ with low /C-ranks (e.g. sampling has rank 1)
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Alternating optimization on tensor tree networks — AIRLS-0K requirements

FROM SMALL TENSORS TO HIGH DIMENSIONS

» relaxation of affine constraint:
FEX) = 11£0X) =yl + 72y > £(XE])
SeK
> assume /C hierarchical (TT/MPS, Tucker/HOSVD, HT) and represent X = 7(N)

» operator £ with low /C-ranks (e.g. sampling has rank 1)
> alternatingly minimize quadratic majorizations of FVK(X) via X = 7(N)
— possible in same, polynomial complexity!“ ?! as evaluating £(7(NV))
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Alternating optimization on tensor tree networks — Exemplary application

Experiment (QT T-interpolation with ATRLS-0K)

> initial teaser: approximate function given at 180 values (with 1o white noise)
> tensorization from g € R2” to X € R¥**2 tyrns interpolation into L(X) =y

> tensor train: K := {{1}, {1,2}, ..., {1,...,11}}
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Alternating optimization on tensor tree networks — Exemplary application

Experiment (QT T-interpolation with ATRLS-0/C)

> initial teaser: approximate function given at 180 values (with 1 %o white noise)
> tensorization from g € R2” to X € R¥**2 tyrns interpolation into L(X) =y
> tensor train: K := {{1}, {1,2}, ..., {1,...,11}}

singular values of matricizations of X = 7(N vectorized X = 7(N
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Alternating optimization on tensor tree networks — Exemplary application

Experiment (QT T-interpolation with ATRLS-0K)

> first: too fast decrease of

singular values of matricizations of X = 7(N) vectorized X = 7(N)
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Alternating optimization on tensor tree networks — Exemplary application

Experiment (QT T-interpolation with ATRLS-0K)

> slower decrease of ~y

singular values of matricizations of X = 7(N)

vectorized X = 7(N)
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Conclusions — Comparison and Future directions

fast decrease of ~y slow decrease of ~y

AN

(Future directions:)

> improve on theoretical bounds (in particular exclusion of local minima)
~ derive and prove optimal quadratic majorizationle Kimmerle and Verdun '21]

» generalize to low-rank interpolation of multivariate functionsl¥ 2!

» adapt (as heuristic) to cyclic networks (e.g. cyclic MPS, PEPS)
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