Multiscale and Wavelet Methods for Operator
Equations

(3) Scope of problems - Transformation to sequence spaces

Wolfgang Dahmen

Institut fiir Geometrie und Praktische Mathematik

RWTH Aachen

Templergraben 55

52056 Aachen

Germany

e-mail: dahmen@igpm.rwth-aachen.de

WWW: http://www.igpm.rwth-aachen.de/~dahmen/

— Typeset by FollTEX —



Problem Setting

H Hilbert space, A(-,) : H X H — IR bilinear form
Problem: For a given F' € H' find U € H s.t.

AV, U)=(V,F), VeH
Well-posedness: Define £ : H — H’ by
(V,LU) =AV,U), V eH
First task: verify the Mapping Property (MP):
cel|Vie <LV sy < Cel[Viln, VEH

Thus (1) has a unique solution for every F' € ‘H'.
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In general:

o H=~Hiox  Hpo HioC H; eg Hy(Q)C H;oC Hb()

o Vi=(v1,..,vm)", (VW) =370 (viswi) iy, IV 15 = 2255, [lvill 7,

V,W
o Wl = supyey <||v||H>

o A(V,W) = (a; (vi,wy)). 1, ~ L= (L),

il=1" — )i 1=1

Examples . . .
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Scalar 2nd Order Elliptic BVP:

—div(a(z)Vu) + k(z)u=fonQ, u=00ndQ ~»

a(v,w) = /aV’UTVw + kvwdr, H=H3j(Q), H =H Q)
Q

Obstructions:

e Sparse but very large linear systems ~~ iterative solvers

e lll-conditioning conds(a(®y, ®p) ~ h™?
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Global Operators - Boundary Integral Equations

~AU = 0,0nQ, (Q=Q or QT :=R*\ Q")
U = f onl:=00" (U(x)—0, || — 0o when Q=0Q7)

Fundamental solution - Single layer potential:

1

E(x,y) = prp— (Lu)(x) = Vu)(z) = /S(x,y)u(y)dry, rel

Integral equation of the first kind: Find u s.t.

Vu=f on I' -~ U(az):/g(:v,y)u(y)dry, x € ()

r
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Here (see e.g.[Kr])
a(v,w) = (v, Vw)r, H=HY¥T), H =HY*I)

Integral equation of the second kind - double layer potential:

1 v, (x—
/—5 T, Y)v )dFy:/ vy (2 y)u(y)dFy, rel

On, A7 |z —y|3
T

Lo = (%ilC)u: foe Ulz) = /K(x,y)u(y)dry
Here: | }
a(v,w) = (v, (5 + K)w)r, H=L(T)=Hy="H
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Similarly for Neumann boundary conditions and Hypersingular operator
H = HY?(T)

Obstructions:

e Reduction of spatial dimension, discretization of compact domain — BUT -
densely populated matrices

e growing condition numbers if the order of the operator is not zero (e.g.
L=Y)
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Saddle Point Problems [BF, GR]

Given
la(v,w)] < |vllxllwllx, [6(g,v)] < llvllxllallar

find U := (u,q) € X x M ="H s.t.

CL(U,, U) + b(p7 U) — <f7 U>X Ve X7

\b@w) = (¢, 9)m VY q€ M,

AU, V) = <

a(v,w) =: (v, Aw)x, veX, blvp) = (Bv,q)p, q€M
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Well-posedness/mapping property: (inf - sup condition)

b
a(v,v) ~ ||v]|%, vekerB,  inf sup (v: q)
€M vex [[v]|xlqlln

> [

1/2 v 1/2
ec (Io]% + llal2) " < H£<q) lxeenrr < Ce (1ol + lallZ)
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Obstructions:

® ... as before
e Indefinite problem

e Finite dimensional trial spaces for X and M must be compatible - LBB
condition
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Y

Trace Theorem: ||v[| ;11250 < [[vllm1(q) [BF. GR]
Second Order Problem - Fictitious Domains () C 0O:

Find U = (u,p) € H := HY(O) x H'/2(I), [ := 00, such that
[BaH, Br, DK2, GG]

(Vv,aVu) + (v,p)r = (v, [) for all v € H' (D),
(@, u)r = (9,9) for all g € H~/2(T)
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First Order Systems [BLP1, BLP2]:

—div(aVu) + ku= fon Q, u=0o0n 99, 6 :=—aVu ~

O.m) + (mavu) = 0,  VneLy(®)

—(0,Vv) + (ku,v) = (f,v), Yve€ Hyp (Q)

U=(0,u) € H:=LyQ) x Hyp ()
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Stokes System [BF, GR]:

—vAu+Vp = f in €,
dvu = 0 in €,

u|F — 07

Weak Formulation:

X = HYQ) == (HNQ), M = Lyo(Q) = {q € Ly() : / 7= 0}

V(Vv, Vi), ) + (divv,p)r, =(f,v) ve HG(92)

(divu,q)r,0) =0 q € Ly o(Q)
Energy space: H=XxM=HQ) x Lapo(), U= (u,p)
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Stokes System - Fictitious Domain Formulation [GuH]:

—vAu+Vp = f in €},
dvu = 0 in €2,

u‘F = 8,

/pdx = 0, (/g-ndSZO)

Q
U= (u\p) €H:=H(Q) x HY2T) x Ly ,(Q)

v(Vv, V), ) + (v, Juym + (divv,p),) = (f,v) V veH(Q)
(U, )Ly =(g, ) V eH YD)
( div u, q>L2(Q) =0 V q € Lso(2)
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First Order Stokes System [CLMM]|:

6+Vu = 0 in
—v(dive)'+Vp = f in Q,
dvu = 0 in €

I

u = g on

U=(0,u,p,\) € H:=Ly(Q) x H(Q) x Ly o(Q) x H/2(Q),

() +(_, Vu) = 0, € Ly()
v (V) C(p, divv) —( V)r = (£,v), veH(Q)
( div u, q) = 0, q € L2o(92)
( ,wr = ( ,gr, €HYXD)
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Transmission Problem [CS]:

~V-(aVu) = f in {2

—Au = 0 in (29,

u|p0 — 0

H T= H(%,FD(QO) X H_l/Q(F1>
Interf. cond’ns: v~ =u™, (Oy)u™ = (Oh)u™ ~

(aVu, VU>QO + Wu — (%Z — K)o, U>(P1
v E H&,FD(QO)7
<(%I — K)u, 5>p1 + (Vo, 5>p1

§ € H-Y2(I'y)
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Further Obstructions:

e Occurrence and evaluation of difficult norms

H ‘ ||H1/2 IDE || ' ||H—1/2 IDE || ' ||H—1(Q)
(") (")

e Mixed occurrence of local and global operators
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An Equivalent /5>-Problem

Wavelet characterization of component spaces (NE):
cu[Divlienry < IV, < CallDivlezy, i=1,....m
Notational conventions for systems:
T =T % XTn, D:=dag (Di,...,D,), V= .. ,v!
ViD= (VDD L (v D et
Wavelet characterization of energy space (NE):

cy|| Ve, < [VID ™13 < Col[V ],
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Standard representations of operators: A% := D;lai,l(\lf’i, \I!l)Dl_]L

L:=(A;),_, =D ¥ L&D, F:=D YT F)

Theorem: Let U = U'D~1¥. Then (MP) + (NE) =
[U=F < LU=F and col|V]e < |IV]e, < Col[ V],

with ¢y, := C%I,CE, Cr, = C\%Cg [DKS]
Proof: Let V = VD 'w

—1 MP) 1 e, =
VI, < e liVIin < egles 1LV < egies IDT(E, LV)lg

-2 —1 -1 -1 -2 —1
= cg ¢ |IDTHE, LU)D V|, =cg cq |[LV]],

The converse estimate works analogously in reverse order
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Let Wy = {Zp)\ AeAC j}, Sp = span Wy, Lj = DX1A<\IJA, \IJA>D_1

Connection with Preconditioning

e If (1) is H-elliptic ~ L is symmetric positive definite (s.p.d.) ~»

C2C,

2
CyCL

conda(Ly) <

o If the Galerkin scheme for (1) is stable, i.e., [|[Ly (e, e, = O(1) ~»

ILAV Alle,
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HDxlA(\I’Aa lIIA)])_l\/—AHA% — HDX1<\PA7 [’VA> Hez

4 (NE)’ 1
HD <\IJ7£VA>H£2 < Cy HEVAHH’

—1 (NE) —1
cg CellValln < ¢y CeCol|Valle,
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Corollary: (MP) 4+ (NE) + stab. of Galerkin scheme ~>

condo(Lpy) = O(1), #A —

Thus (MP) + (NE)+ stab. of Galerkin scheme imply that suitable diagonal
scaling of wavelet representation of stiffness matrices ensure uniformly bounded
condition numbers.

Galerkin schemes are not always stable! - e.g. for indefinite problems
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There is always a Positive Definite Formulation -Least Squares

Theorem: Let M :=L'L, G :=L'F then
LU=F <= MU-=F (with U:=U'D'w)

and
¢ Vlley, < IMV]lgy < CL[I Ve,

Remark: LU = F' iff U minimizes
LV — Fll3y ~ MV — G|,

Natural norm least squares, [BLP1, BLP2, DKS]
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Some Useful Facts - Condition Numbers

Remark: If a(-,-) ~ || - ||3; s.p.d. and VU is Ly-Riesz-basis then for
J:=max{|A| : A€ A}, min{|A\|: AeA} <1, =

conds (a(Ux, Up)) ~ 2207 J — 0

a(Pry¥ag)
1, l17
max a(’”v;) > a(w’?) > min a(v,2v) conda(a(Va, Wn)) 2 it
M TIE, 2 e, 2 o2 Tl Tl
2
||'¢>\2||L2

a(r, ¥x) ~ [¥allFe (NE) = 20~ [y e ~

™ max {|A| : A€ A} if t>0 ol min {|A|: A€ A} if t>0
1| = 2| =
min {|A| : A€ A} if t<O0 max {|[A]: A€ A} if t<O0

~  conda(a(Wp, Wy)) 2 92Jt]
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Upper estimate:

o { <0
T _
.. a(v,v) — HdA\IJAH%It (NE) . |D tdAHEQ > o—|t]J
vesy lvllz,  dyer#r  lldallf, dyertt dallz,
max a(v’;}) < 1
veSy [Jvllz,
e t>0: (B)~
2
maXa’(v7U) < ||U||Ht < 2Jt

Y

vesy [[ollz, ~ wvesa vl

~> Condg(a(\IfA,\IfA)) 5 22‘]“‘
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