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About some Concepts used in the Proof

Thresholding and best N-term approximation in /5:

v Uyl >
Z?V:: A3 |>\|_77

07 |U>\| <n

Y= {V €ly: N(v,n):=#suppZ,v <Cyn ", (forsomer <2)

vely ~
Iv—Tvlz, = > D oAl < Cp Yy (27t )T
=0 2=1=1n<|vy| <27y [=0
Ay o
— T 1
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What about the constant C,? - Lorentz spaces [DeV]

*

Decreasing rearrangement: v. — {v} },ew v <05, vy = |Ua,| ~

U}k\f(v,n)—i—lN(Va 77)1/7_ < UN(V, ?7)1/7_ < C%/T ~>

CY™ = sup n¥ v, = V]~ [|[V]lew = |[V]ley + [V]ew
nelN
1/7‘
nTor g < ()T < (Y @) < Ivlle

J<n

~ by CUY Clrge Cly, T<THEe<L2
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(1), (2) ~ (see [CDD1])

Lemma: Suppose that v € £¥ for 0 < 7 < 2 and w € {5 satisfies
|v — wlle, < e for some e >0,

Then one has for any n > 0

4e2 _
T/2 T T _—T
Iv — Tywlle, < 26+ Clv] i n* /2, supp T, w < — +4C|v[7en

Corollary: If v € /¥ and ||v — wllg, < 1/b with #suppw < oo. Then
w, := COARSE [w, 47)/5] satisfies

#suppw, < 0 V5 v =Wyl <7
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Characterization of Best N-Term Approximation Rates ~ N °

0N,€2(V) = HV - VNH€2 — #sugl})ig<N HV - W||€2

1

Theorem: Let L =s+% thenvel¥ < ony(v) < N %and

v —vnlle, S N 7°|v]ew
Proof of —:
onve(V)? = DY @< [ Y 0| vk < ONYE VI
n>N n>N
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Key Complexity Bounds

1 _ 1 *
Suppose that C € Cs+ and let ~ = s+ 35, s <s

Charact. of oy 4, (V) = O(N7°) ~ w, = MULT [, C,v]| satisfies
o [lwyllew < [Ivllew

{l ~ < 1/s —1/3
o #tflops ~ #suppw, < V][4

Optimal balance: accuracy 17« cost 751/

—
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Theorem: Let L € C,+ and suppose that U € £¥ for % = s+ %, s < s*. Then
in all the above cases the output G, of the right hand side scheme RHS [1), G|
satisfies

° HGnHE;‘) < HGH@U o #flops ~ #supp G, < HGHl/S —1/s

Moreover, for APPLY € {MULT, APPLY;, APPLYy.} the output W,
of APPLY [, M, V] satisfies for s < s*

° HWnHE’#’ < HVH@U o #flops ~ #supp W, HV||1/S —1/s

APPLY [, M~ !, G] := SOLVE [¢, M, G] exibits the same work/accuracy
balance as its ingredients!
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Compressibility Criteria

In all examples the operator L is either local or of the form

(EU)(w)Z/K(x,y)U(y)dFy, 000K (v,y)| < dist(a,y)(@F2tFlelFIoD
r

Theorem:[DPS, PS1] Suppose that £ has order 2¢ and satisfies for some > 0
1Collgrree < follgie, v EHT%0< |a] <7

Assume that D™°V is a Riesz-basis for H® for —y < s < v (NE) and has
cancellation properties (CP) of order m. Then for any
0<o<min{r,d/2+m+t}, t+o0<~, t—oc > —7 one has

, 9= IIAI=[\]|o
o—(IN]+[A])? L) < . . 3
|<¢>\7 ¢>\ >| ~ (1 i 2m1n(|)\|,|>\’|) dist(Q)”Q)\/))d—l—Qm—l—Qt ( )
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Sketch of argument: Apply (CP) of order m — apply to kernel

/ / K (2, y)datondady = (K, iy © b)) ~
I' T

Let 2, := supp . If dist(Qy, Qy) 2 27 @n(ALIND (IDPS, PS1, PS2]) ~

90— (AN (d/2+)
(dist(Qy, Q) )d+2m+2

|<£¢)\/7 ¢>\>’ SJ

If dist(Q, Q) < 27 ™ALIND yse continuity of £ and (NE) [DDHS]

ILvl|g-tvs S Mvllgers, veEHTL0<[s| <7

w.l.o.g. |A| > |N| (Schwarz inequality) ~-»
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[{Lbx, oa) ] < LY=o lVall = S 1N e |0A] o

Assumptions on o~ [(Lahy, ¥y )| < 2EUAIFIN D (INT=IAD

Proposition: ([CDD1]|) Suppose that

9—alIAl-|v|

Col S Gy ) = 2 st (0,,9,)
and define
s* := min o_1 é—l
- d 2'd
Then C € C,+
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The proof is based on the

Schur Lemma: If for some C' < oo and any positive sequence {wy} e

Y ICavlwy <Cuwy, D ICawa<Cuwyy ved
veJ reJ

then HCHg2_>g2 < (.

Apply this to ||C — C,||¢, with wy = 274IAI/2
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What about v = v D '¥ when v € /¥? [DDD, DeV]
Recall: When ‘H = H!, D = D!, D !0 Riesz basis for H! -~

1 1

uel, <— u= ZU)\Q_HM??D)\ € BIYL () (_ — s+ _>
x T 2
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Besov Regularity of Solutions - Stokes System [Dahl, DDU, DD]

1
u € B71-+Sd(LT(Q))7 qc Bid(LT(Q))a ; e
—
on i) S N7 onpy@ie) S N

Theorem: For d = 2 the strongest singularity solutions (ug,qs) belong to

the above scale of Besov spaces for any s > 0.
The Sobolev reqularity s limited by 1.544483..., resp. 0.544483... ~

Arbitrarily high asymptotic rates by adaptive schemes
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Solution u Solution v
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Figure 1: Exact solution for the first example. Velocity components (left and
middle) and pressure (right). The pressure functions exhibits a strong singularity
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Figure 2: Exact solution for the second example. Velocity components (left
and middle) and pressure (right).
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b = |z — zalle, | _ = - iL‘AHeg,
[ —xpalle, [E4 I8
It | #Au | p ro| #A | P ro|l #FAp p r
1 33 | 1.04 | 0.6838 34 | 1.04 | 0.6744 768 | 130.35 | 1.0024
2 84 | 1.26 | 0.3427 83 | 1.24 | 0.3447 768 | 130.40 | 1.0028
3 193 | 1.32 | 0.1530 184 | 1.31 | 0.1541 768 15.37 | 0.5234
4 446 | 1.29 | 0.0821 450 | 1.29 | 0.0897 029 4.15 | 0.2218
51 1070 | 1.27 | 0.0434 || 1065 | 1.27 | 0.0456 || 1211 2.58 | 0.1034
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It | #A, p ro | #Ay p rol #Ap | P r

1| 278 |28.20 | 1.2936 | 364 | 60.31 | 2.1867 | 768 | 6.96 | 0.3329
2| 261 | 83004028 | 295 | 16.10 | 0.7003 | 768 | 3.76 | 0.1800
3| 234 | 3.72|0.1995 | 274 | 563 | 0.2617 | 768 | 1.80 | 0.0863
41 180 | 1.25 | 0.0886 || 249 | 2.08 | 0.1056 | 810 | 1.22 | 0.0452
5| 233 | 1.14|0.0615 | 267 | 1.29 | 0.0615 | 980 | 1.07 | 0.0231
6| 208 | 1.11|0.0480 | 321 | 1.17 | 0.0470 | 1276 | 1.05 | 0.0117
7| 456 | 1.35|0.0398 | 505 | 1.43 | 0.0265 | 1551 | 1.09 | 0.0061
8| 704 | 1.36|0.0250 | 724 | 1.39 | 0.0177 | 1842 | 1.24 | 0.0035
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Table 2: Results for the second example.
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It | #Ay | p ol #A | p ro | #FAp p r

3 5 | 1.00 | 0.7586 5| 1.00 | 0.7588 | 243 | 2.23810 | 0.1196
4 20 | 1.13 | 0.4064 24 | 1.45 | 0.3979 | 262 | 2.08107 | 0.0612
5 61 | 1.47 | 0.2107 77 | 1.79 | 0.2107 | 324 | 2.72102 | 0.0339
6| 178 |1.33 | 0.1060 || 198 | 1.52 | 0.1306 | 396 | 2.81079 | 0.0209
7| 294 | 1.19 | 0.0533 | 286 | 1.46 | 0.0744 | 674 | 2.21371 | 0.0108
8| 478 | 1.25]0.0271 | 531 | 1.46 | 0.0362 | 899 | 1.83271 | 0.0071

Table 3: Results for the second example with piecewise linear trial functions for
velocity and pressure - LBB condition is violated
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discrete solution (adaptive), N=704 discrete solution (adaptive), N=724 discrete solution (adaptive), N = 1581
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Figure 3: Approximations for the second example. First and second velocity
component (left and middle column) and pressure (right column).
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Further Issues, Applications

e Time dependent problems:

Ou=Lu ~ u(t)=eFu(0)

1
etfug = 2—/ (2] — L) updz ~ Z wne® (2 — L) ug
T n

Solve the problems (z,I — L£)u = ug in parallel by the adaptive scheme.

e Time dependent incompressible Navier Stokes equations
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ou+ (u-Viu+Vp—vAu = f, z€Q, t>0,

diva = 0,

1
(u-V)u = (curlu) ><u—|—§u-u ~

1
ou+ (curlu) x u+ VP —vAu=f (P ::p—|—§u-u)

~~>
(I—7vA)u+7(w" xu)=7f+u" -~
Find u"*! € V such that

an,T(u”H,V) = (rf+u",v), vev,

where
an. (0, v):=(u,v) +7v(Vu,Vv) + 7(w" x u,v).
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Note that since (w" x u,v) = —(w"™ X v,u) one has
an (v, V) 2 [[[V]]]+,

where

IvIlZ = [IvllZ, + Tv[v]z.
On the other hand, one has

an,r (0, V) < JJullLy|| VL, +v7lulg|v]g + 7[(W" xu, v)|.

f WL < C = (W" xu,v) <Cllul[r,llvle, = an(v,v)~[|v][?
with constants independent of 7,v! i.e., the mapping property (MP) holds

uniformly in 7,v. ~ with 0,, := min {1, HW”HZ;}

(u,v)+7v(Vu, Vv)+70,(W"'xu,v) = (tf+u”,v)—(1-0,,)7(w" xu",v), veV
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Nonlinear Problems [CDD3]
a(v,u) =4L(v), V veEH,
(i) la(v,w)] < clllw|lx)]lvllx
(ii) For each fixed w the functional a(-, w) is linear
(i) a(v,v) > alv|l%

Example:

(v, A(u)) = a(v,u), veH, ~ F(u):=Au)—f

In wavelet coordinates
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Solve the system e.g. by relaxation, gradient iterations or by Newton's method
u=G():=u—-wFlu) ~ u"=G{u"
F'(u")s = —F(u"), u""™'=u"+s

Use the same principles as in the linear case - perform (perturbed) iterations
on the oco-dimensional problem.

Issues:

e evaluation of nonlinear terms

e How does the nonlinearit affect the regularity and thus the compressibility of
the iterates 7

Example - One can show: u € H' = v’ € H~! for d < 4 [CDD3].
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Evaluation of Nonlinear Terms [DSX, BDSX]

Objective: Given f, upy = ui ¥, compute the significant entries of

f:= (U, f(up))

Idea: Find a function g = gZ¥ such that

(NE)
|f(u) —gllr, <e = ||[f =gl <ce

e Given uy, A predict A covering the significant coefficients of f(u)
e Compute an approximation g = g};‘i’[\ to f(up)
J—1 i
F o f(u), J=max{|]A[:A€A}, Fr Y Y (F)
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Sketch of the recovery scheme [BDSX]

ldea: mimic decomposition

~ ~

(Qj — Qj—1)F

~
2
b

<
I
o

from top to bottom:

e Given A;_1, determine a possibly small safety index set Z s.t. for a local
multiscale decomposition applied to the array c; := ((F,¢s) : k € 1Y)
(completed by zeros)

A

c;— (cjo1,dj_1) ~ dj_1x=(F,¥z), A€ Aj_;

and likewise Cj—1k = <F, ¢J_17]€>, k € Ij_l(/A\J_l) = {k eLj_q: )\(k) c
Aj_q
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e Compute approximations ¢ to cjx, k € Z by quadrature
e Decompose q; — (qJ_l,JJ_l), threshold d;_1.

e Form the safety index set Z)_, from A;_,, compute (the missing) scaling
coefficients ¢s_1 by quadrature for k € Z9_, \ Z;_1(As_1) ~ qs_1 with
support IJ_l IJ L UZy_ 1(AJ 1) continue with q;_1 as before with q

~» approximate wavelet coefficients d

Comments:

e Index sets are automatically completed to trees when descending to lower
levels

e Quadrature on a locally highest level of resolution is sufficiently accurate
when A reflects balanced local errors ~» optimal work/accuracy rate.
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Spline wavelets of order (2,2),

u=Yper, (€)1 bat)ban  9(@) = fou, g=(u)=u’
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s estimated order of best n-term approximation. Refinement depth in recovery
scheme: 1.

Ju = 15 (#A%(u) = 131105 ), J, = 16 (#A'%(g) = 262179 )

e | #AP | Dugs —upsll@) | s | #A% | llgue — 9,202 | 2/) | s
0.002 105 1.715E-4 1.9 134 4.293E-4 2.5 1.6
0.001 143 5.6125E-5 2.0 188 1.3343E-4 2.4 1.7
0.0002 318 6.7213E-6 2.1 367 2.415E-5 3.5 1.8
0.0001 688 1.1722E-6 2.1 709 5.1609E-6 4.4 1.8
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Ju = 13 (#AB(u) = 32797 ), J, = 14 (#A16(g) = 65567 )

e | #AS | Nugis —upusll (1) | s | #AT | llgga —g,rl () | /(1) | s
0.002 | 97 1.716E-4 1.9 | 126 3.993E-4 23 | 19
0.001 | 135 5.6126E-5 2.1 | 180 1.3343E-4 24 | 17
0.0002 | 310 6.7213E-6 2.1 | 359 2.4150E-5 35 |18
0.0001 | 405 3.5045E-6 21 | 573 8.2315E-6 23 |18
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Ju = 10 (#A0(u) = 4119 ), J, = 11 (#A'(g) = 8217 )

e | #AL | Jlugio —ugoll (1) | s | #AT | llgan — g,rll @) | /) | s
0.002 35 1.716E-4 2.0 114 3.911E-4 2.28 1.7
0.001 100 1.0621E-4 2.0 135 2.48345E-4 2.33 1.7
0.0002 235 1.0803E-05 2.1 333 2.51E-05 2.3 1.8
0.0001 393 3.5026E-6 2.1 554 8.5407E-6 2.4 1.8
0.00001 1103 4.03924E-7 2.1 1074 3.17919E-6 7.8 1.8
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Application to Matrix/Vector Multiplication [BDD]

In general: approximate calculation of individual entries of A is expensive -
typical ingredient 2= IM=1¥1{ad;4)y, Oy1p,,) (H'-normalized wavelets)

Observe: 0, , := 2-1M9;10,, is again a wavelet (or a difference of wavelets).
Recall:

w; = Ajvig + Aj—1(vi) — Vi) + - + AoV — Vj-1))

Aj ik (Vi = Vi—1) = ((Bira Y vabia) s v € Tjp) T

)\EO'k

OF = supp (Vg —Vig—1)), Ljx = U{rm supports of columns of A ;_ selected by

Apply the recovery scheme to the function F':=a ZAG% vA0; \ with prediction
set I';  ~~» optimal work/accuracy rates.
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