Debris flows at the interface between fixed and mobile bed conditions: The development of a “Composite” Riemann problem and a possible approximated solver
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Debris flows are free-surface, two-phase flows that develop when large amounts of bed material become unstable and start to flow downhill as a result of intense rain storms or dam breaks. When debris flows propagate over loose beds, particles constituting the mixture of water and sediments strongly interact with the ones forming the bed, leading to erosion or deposition. In other situations, however, the mixture flows over rigid bedrocks or over artificially paved transects, so there is no mass exchange between bed and mixture. The two situations are usually referred to as, respectively, mobile- and fixed-bed conditions
Mathematically, the systems of PDEs that describe these flows derive from the mass and momentum balance of both phases. Nevertheless, the unknowns of the two problems are different: depth, velocity and concentration of sediment in the fixed-bed case, depth, velocity and bed elevation in the mobile-bed one. In the latter condition, concentration is linked to the local flow conditions by means of a suitable rheological relation. Therefore, the two resulting PDEs systems are different and in particular show different eigenstructures.  

It is quite common that a debris flow, in its path downstream a valley or over a conoid, encounters both conditions. In this work we investigate the behavior of the flow at the interface between fixed- and mobile-bed conditions. In particular, since we are interested in developing a finite-volume Godunov-type method, we are concerned with Riemann problems located at the interface between the fixed- and mobile-bed regions, characterized not only by a discontinuity in initial values, but also between the left and right flow conditions. We define this type of problem as a composite Riemann problem, since it is characterized by a composition of different system of equations.  
To handle such a problem we introduce in this work suitable erodibility variable, that changes in space based on bed characteristics but remains constant in time. We show that by means of this variable it is possible a to define a single composite system of PDEs that reproduces correctly both the fixed- and the mobile-bed systems. In this way, a composite Riemann problem is characterized by a discontinuity in initial variables including erodibility. We show that the possible solutions of such a Riemann problem are characterized by standard mobile-bed waves propagating over the erodible transect, standard fixed-bed waves propagating over the non-erodible transect, and a steady contact wave positioned on the discontinuity expressing the conservation of mass and momentum. 
We present here a generalized Roe solver able to cope automatically with fixed-bed, mobile-bed and composite Riemann problems and implement it in a one-dimensional finite-volume model for two-phase flows.
Capabilities and limits of the technique will be shown through a comparison between numeric results and exact solutions of several test cases.
